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In this talk, we present some direct evidences of the Higher Spin/Vector Model correspondence. 
There are two particular examples we would like to address on. The first example concerns a 
constructive approach of four dimensional higher spin theory from 3d 0{N) vector model based 
on a bi-local formulation. These bi-local fields are seen to give a bulk description of the higher 
spin theory with extra dimension and interactions. The second example is a similar AdS3/CFT2 
duality put forward by Gaberdiel and Gopakumar. Specifically, we are interested in black hole 
solutions carrying nonzero higher spin charges. The partition function of the general hs[X\ higher 
spin black hole is computed from the CFT side using the W^[X\ symmetry and we found a perfect 
agreement with the gravity result. 
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1. Introduction 

The AdS/CFT correspondence [1, 2, 3] represents one of the major tools to understand Quan- 
tum Gravity. It is a special example of the Holographic principle [4, 5] which states a quantum 
theory md + \ dimensions with gravity can be described by a gauge theory on the boundary (with 
one lower dimension). Therefore, understanding the emergence of the extra dimension plays a cen- 
tral role to unravel the mechanism of the holographic principle. Among various examples of the 
AdS/CFT correspondence, the best studied one is of course the type IIB string theory on AdSs x S^ 
and its dual to ^ = 4 Super symmetric Yang-Mills theory in four dimensions. However, this dual- 
ity relates two highly non-trivial theories and crucially relies on supersymmetry. Furthermore, this 
is a strong-weak duality which makes the correspondence hard to prove analytically. Therefore it 
is very important and meaningful to find some simplified model of the AdS/CFT con^espondence 
where both sides of duality may be exactly solvable. This will provide some direct evidences and 
definite understanding of the AdS/CFT coiTcspondence. 

The Higher Spin/Vector Model correspondence serves such an example. On the field theory 
side, it is the simplest A'^-component (free) vector model. In the large A'^ limit, a special kind of 
higher spin AdS gravity developed by Vasiliev and collaborators [6, 7] emerges. As pointed out by 
Klebanov and Polyakov [8], the singlet sector of the 0{N) vector model is dual to Vasiliev higher 
spin gravity with minimal coupling to the scalar field (see also [9, 10]). The three-dimensional 
0{N) model has two fixed points: a free (UV) fixed point and an interacting (IR) fixed point. To be 
more precise, these two fixed points are dual to two boundary conditions of the bulk scalar field. 

On the gravity side, the higher spin theory of Vasiliev describes the interaction of an infinite 
tower of massless higher spin fields with gravity (and other lower spin matter fields). In four and 
higher dimensions, a simple action principle still remains to be found (see however [11] for an ac- 
tion principle of the "extended" Vasiliev's system), instead the Vasiliev theory is described in terms 
of nonlinear (and nonlocal) equations of motion. The higher spin theory is itself a gauge theory 
with a lai^ge class of higher spin gauge symmetry; and the gauge fixing of the full nonlinear theory 
is far from obvious. Without knowing an explicit action, the calculation of coiTclation functions 
through the equations of motion is highly technical. The process usually involves partially gauge 
fixing combined with partially solving the equations. An impressive comparison of three-point 
functions was made by Giombi and Yin [12, 13] who were able to show the two fixed points of the 
0{N) vector model are dual to two boundary conditions of the bulk scalar field as conjectured by 
Klebanov and Polyakov [8]. 

We have in [14, 15] formulated a constructive approach of bulk AdS higher spin gravity in 
terms of bi-local fields of the 0{N) model. These bi-local fields describe (over) -completely the 
singlet sector of the 0{N) model and leads to a nonlineai^, interacting theory (with 1/A'^ as the cou- 
pling constant) which was seen to possess all the properties of the dual AdS theory. The interactions 
are present for both the free and critical fixed points. More importantly, the bi-local formulation au- 
tomatically reproduces arbitrary-point con^elation functions and provides a construction of higher 
spin theory (in various gauges [16]) based on the CFT. The main idea of the construction is to 
study how the fields transform under the symmetry and compare directly the generators. A canoni- 
cal transformation was found between the SO {2, 3) generators and the conformal generators in 3d, 
based on which an integral transformation was then found to map the bi-local fields to the higher 
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spin fields with the extra AdS dimension. This map is one-to-one and provides direct evidence and 
understanding of the emergent AdS spacetime. 

The second part of this talk concerns the duality between the AdSs higher spin theory (coupled 
to matter [17]) and a 2d minimal model proposed by Gaberdiel and Gopakumar [18]. To be more 
precise, the 3d massless higher spin theory coupled with two massive scalars is dual to the 2d W^ 
minimal model in the 't Hooft limit (defined below). The W^ minimal model can be constructed 

using the WZW coset 

su{N)k®su{N)i 



su{N)k+i 
where the central charge at finite A'^, k reads 

A^(A^+1) 



(A^-1) 



1 



(1.1) 



(1.2) 



{N + k){N + k+\) 
In the 't Hooft Umit defined by taking N,k^ oo and keeping the 't Hooft coupling constant fixed 

0<A.^<1, (13, 

the central charge scales as c ~ A^(l — A^). Therefore, these models are vector-like (and the A 
parameter also fixes the mass of the AdS scalar field). The primaries of the Wn minimal model 
are labelled by (A+;A_) where A+ and A_ are respectively the representations of su(N)k and 
su{N)k+i- The representation of su{N)i is uniquely determined by the selection rule [19]. 

Three dimensional higher spin theories are much simpler to study (than higher dimensional 
theories) because it is consistent to truncate the infinite tower of higher spin fields to a finite set of 
spins with maximal spin A'^, i.e. the higher spin theory with the spin content s = 2,3,...N is closed. 
More importantly, this theory has a Chern-Simons formulation with the gauge group SL{N, M) x 
SL{N,M.), i.e. the action is given by [20] 

Shs = Scs[A]-Scs[A] (1.4) 

where 

kn: r 2 

Scs[A] = j^jTT{AAdA + -AAAAA), (1.5) 

and similarly for Scs [A] . The Chern-Simons level is related to the AdS radius by 



<cs 



4G, 



(1.6) 



N 



where Gm is Newton's constant. The Chern-Simons formulation can be extended to the infinite spin 
case,' in which the relevant Lie algebra is the one -parameter family of higher spin algebra hs[X]? 
It is an infinite dimensional algebra which can be realized as a quotient of the universal enveloping 
algebra of si (2) by a proper ideal [21] 



'Actually, the original derivation of [20] is for the infinite algebra hs{l, 1) = hs[- 



2J 



The X parameter is the same as the 't Hooft coupling constant (1.3). 
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where C2 is the quadratic Casimir of sl{2) and 11 = \ (A^ — 1 )■ The vector corresponding to C is the 
identity generator 1 of the universal enveloping algebra. Setting A = A^ > 2, an ideal Xn consisting 
all the higher spin generators with s > N appears. Quotienting out this ideal, one obtains the sl{N) 
algebra 

hs[X=N]/XN = sl{N). (1.8) 

Using the Chern-Simons formulation of higher spin gravity and following the Brown & Hen- 
neaux analysis for pure gravity [22], the asympotitic symmetry of SL{N) gravity is the Wt^ algebra 
[23, 24, 25]. Similarly, the asymptotic symmetry of the hs[X] gravity is the one -parameter family 
of ^'-algebra denoted as #^[A] [21]. All these classical analyses lead to the same central charge 
of the ^'-algebra (as the Virasoro algebra for pure gravity) 

3£ 

6^C5 • (1-9) 



2G/V 
Similar to (1.8), setting X=N and quotienting out an ideal, we obtain 

^4^=N]/xn = Wn. (1.10) 

However, the 't Hooft coupling constant defined in (1.3) is between and 1; it is not obvious 
the asymptotic symmetry algebra Woo[pi\ with /i = A is the same as the symmetry algebra of the 
coset model /^[/l] with jj. = N. This was clarified in [26] by studying the quantum algebra (with 
finite values of N and c). Specifically, a triality isomorphism of the ^-algebra (at fixed c) was 
discovered 

r»[A'|^^»[^l^>*".[-,^l. (1.11) 

which explains the agreement of the symmetry algebra.^ The quantum analysis also reveals that 
one of the scalar fields in the 't Hooft limit (which duals to the (0;f) representation of the CFT) 
has a non-perturbative origin. This suggests the perturbative Vasiliev theory is not complete at 
the quantum level (various non-perturbative excitations must be added) [28, 29, 26]. Besides the 
agreement of the symmetry algebra, the Gaberdiel-Gopakumai^ conjecture is also supported by the 
matching of partition functions [27] and certain correlation functions [28, 29, 30, 31, 32, 33], etc. 

2. Direct Construction of Higher Spin Gravity from the 0{N) Model 

Starting with the AdS4/CFT3 case, the Lagrangian of the 3d 0{N) model is given by 

L = ld'x(^\{d,r)id^r) + ^i^-^?y a = h...,N. (2.1) 

As mentioned before, this model has two fixed points: the UV fixed point with zero coupling con- 
stant (g = 0) and the IR fixed point with non-zero coupling constant. On the bulk side, the mass of 
the scalar field is m^ = —2 which gives two possible boundary conditions with scaling dimensions 

The last isomorphism, in the 't Hooft hmit, leads to Woo\k\ ~ 'W^\—X\. This can be easily seen from the commu- 
tation relations of W„[X] algebra [61] that the structure constants only depend on A". As a matter of fact, for the bulk 
higher spin theory, the analytic continuation of /?5[A] gravity to sl{N) gravity is achieved by A = —A' [26, 72]. 
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A_ = 1 and A+ = 2. The Klebanov-Polyakov conjecture states that the A_ = 1 boundary condi- 
tion is dual to the free 0{N) model, whereas the A+ = 2 boundary condition duals to the critical 
0{N) model. These two fixed points are related by a Legendre transformation [34, 35] (see also 
[36, 37, 38]). Therefore, the duality between Vasiliev's theory and the critical 0{N) model follows, 
order by order in \/N, from the duality with free 0{N) model [39]. While for collective field theory 
(reviewed in the next subsection), the critical 0{N) model can be treated on equal footing as the 
free 0{N) model. In the following, we will focus on the free 0{N) model whereas trying to keep 
some formulae valid also for the critical model. 

2.1 Collective field theory of the 0{N) model 

The collective field theory we employ here was developed by Jevicki and Sakita [40] for large- 
A'^ quantum field theory. The main idea is to reformulate the theory using the invariant (under 
the symmetry group) collective fields. After a non-trivial change of variables, a collective action 
(for the Euclidean case) or Hamiltonian (for the Minkowski case) can be derived in terms of the 
collective fields (and their conjugate momenta). A subsequent 1/A'^ expansion can be carried out in 
a rather straightforward way. This method had great success in applying to the U (N) matrix model 
[40], which leads to a field theoretic formulation of D = 1 string as a massless scalar field in two 
dimensions [41]. There, the emergence of extra dimension comes from the large-A'^ color index of 
the matrix model. 

The constructive approach for the AdS4/CFT3 duality formulated in [14] is based on the 0{N) 
invariant bi-local fields 

^{x,y)^f^r{x)-riy) (2.2) 

a=l 

which close under the Schwinger-Dyson equations in the large A'^ limit. Through a series of chain 
rules of the type 



dy I dz ^^}!;'^ ," , = ldyriy) 



d(l>"{x) J J d^"{x) d^{y,z) 



■ + 



d^{y,x) d^{x,y) 



(2.3) 



the collective action which evaluates the complete 0{N) invariant partition function can be derived 
as [42] 

Z = f[Y\dr{x)\e-''^'^^ = f[d^{x,y)M^)e-'^^''^ (2.4) 

■■'a ■■' 

where the measure is given by jU(<I>) = (detO)^'^'' with Vx = Lr" the volume of space and Vp = A^ 
the volume of momentum space (where A is the momentum cutoff). Explicitly the collective action 
can be computed as in [42, 14] to be 

Scm=jdx -^limd^<p{x,y) + ^<^\x,x) -^ J dxln<P{x,x) , (2.5) 

where the first term is a direct rewriting of the original action in terms of bi-local fields; while the 
second interaction term InO arises from the Jacobian of the change of variables 

|n^«^"W = jd^{x,y)J[^] . (2.6) 
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Figure 1: Illustration of three- and four-point collective field diagrams. 



We stress that the Jacobian here gives both the measure /i(<I>) and the interaction term InO. 

The collective action (2.5) is nonlinear, with \/N appearing as the expansion parameter. The 
perturbative expansion in this bi-local theory proceeds in the standard way. The nonlinear equation 
of motion specified by Sc gives the background 

dSc 

= = 

: ^0 — 7??^ gives an infinite sequence of interaction vertices 



<I> 



d^ 



-d^^^^{x,y) + ^^l{x,y)-2N5{x-y) 



0. 



(2.7) 



Expanding around the background <I> ■ 

[43] 



^/n' 



S,[<D]=S,[<l>o]+Tr 



k7^r70o>r7 + -^r72+£lA^>-5(<j,^-ir7)" 



4A^2' 



«>3 



In 



(2.8) 



where the trace is defined to be Tv[A{x,y)B{y,z)] = ^ dx ^ dyA{x,y)B{y,x). The nonlinearities built 
into Sc are precisely such that all invariant «-point correlators of the 0{N) singlet fields 



{^{xi,yi)---^{x„,yn)) = {(^{x^)-(^{yi)---<^{xn)-<^{yn)) 



(2.9) 



are reproduced through the Witten diagrams with 1 /N vertices as shown in Figure 1 . We stress that 
this nonlinear structure is there for both the interacting and the free {g = 0) fixed points. 

This bi-local theory is expected to represent a covariant-type gauge fixing of Vasiliev's gauge 
invariant theory. A large number of degrees of freedom are removed in fixing a gauge and this 
happens in higher spin gravity too. In section 2.4, we will make a connection of this covariant 
bi-local theory to a symmetric gauge of the Vasiliev theory. We can show this reduced bulk system 
(after further solving some components of the equations of motion) has the same dimensionality as 
the covariant bi-local theory. 

A one-to-one relationship between bi-local fields and AdS higher spin fields are demonstrated 
in a physical gauge with a single time [15]. The existence of such a gauge is not a priori obvious 
(because this is a reduction of two-time physics to a single-time physics where nontrivial issues of 
unitarity should be addressed). In [16], we have shown such a gauge fixing and a discussion of the 
collective dipole underlying the collective construction was given. 
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The single-time formulation involves the equal-time bi-local fields 

^>{t,x,y)=Y,r{t,x)rit,y) (2.10) 

a 

which are local in time but bi-local in J — 1 spatial dimensions. These observables (collective 
fields) are characterized by the fact that they represent a complete set of 0{N) invariant canonical 
variables. Writing the conjugate momenta as 

n(xj) = -/^-^, (2.11) 

d^{y,x) 
the collective Hamiltonian is of the form [44, 45] 

H = 2 f dxdydznix,y)'i>{y,z)n{z,x)+V['i'] (2.12) 

where the potential term reads 

V[^]= fdx -^limV5»P(f,v) + -^»F2(f,f) +^ fdx^-\x,x). (2.13) 

J Ly^x ' AN J 



Similar to the Euclidean case, the first term is a direct rewriting of the original potential term in 
terms of the bi-local fields. The appearance of the last term needs an explanation. In general, a 
direct reformulation of the original Hamiltonian in terms of the bi-local fields (after applying the 
chain rules (2.3)) is not hermitian. There exists a similarity transformation after which the final 
effective Hamiltonian is hermitian. The last term in (2.13) arises precisely from such a similarity 
transformation and this is in some sense analogous to the Jacobian of the Euclidean case. 
The Hamiltonian (2.12) again has a natural \/N expansion, after a background shift 

^ = ^o + ^n , n = V^7r, (2.14) 



where *Fo is the saddle point of V [*F] , the quadratic Hamiltonian reads 

H^^^ =l:v{^l^>o^l) + \Tv{^<^'^^<^'^^>^') (2.i5) 

where we have set the coupling constant g = for simplicity.^ Fourier transforming the fluctuations 
T] , 71 as well as the background field *Fo 

»F5. = j dke^-^^-y^\lfl , \l/9 = — "— (2.16) 



7]^ = y dhdk2e-'''-^+'''-\i^ , (2.17) 

71^ = fdhdk2e+'^^''-'^^''7ltt, (2.18) 



klh 



There is an overall constant A^ we omit here (and subsequently for all the higher vertices), which states the coupling 
constant of the collective field theory is Gn = l/N. 
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one finds the quadratic Hamiltonian in momentum space 



which correctly describes the (singlet) spectrum of the 0{N) theory with (O^-^ = Jk\ + Jk^- 
Higher vertices representing 1 /N interactions can be found similarly, in particular, the cubic and 
quartic interactions are given explicitly as 

//(3) = -^Tv{Tmn) - -^Tv[^>^'^^>^'^^>^'^^>^') , (2.20) 



H^'^ = ^T^^i'^o'n'i'o'v'i'o'v'i'o'v'i'o') ■ (2-21) 

We note that the form of these vertices is the same for both the free (UV) and the interacting (IR) 
conformal theories. The only difference is induced by different background shifts ^q in these two 
cases. 

2.2 Scattering matrix 

For the UV fixed point of the vector model, there exists an infinite sequence of exactly con- 
served higher spin currents. Consequently one has a higher symmetry with infinite number of 
generators. In such a theory, the Coleman-Mandula theorem would imply the S matrix should be 
1. In general, there is a question regarding the existence of an S matrix in CFT (and also in AdS 
gravity). Maldacena and Zhiboedov [46] considered the implication of this theorem on correlation 
functions. In particular, they have shown the correlation functions {G\&2--- &i^ of a CFT in the 
presence of higher spin symmetry can be written as that of free fields (free bosons or free fermions). 
However, the correlators themselves are nonzero and nontrivial for all n. 

We consider the scattering of "collective dipoles" just introduced and calculate the collective 
S-matrix defined by the LSZ-type reduction formula 

S = \xmW(E} - m + %,\f)l$>(E,MM^{^iMM---) (2-22) 

where *P is the energy-momentum transform of the bi-local field (2.10). The limit implies the 
on-shell specification for the energies of the dipoles: 5^ — (|^i| + |^2|)^ = 0. 

Our evaluation of the S'-matrix proceeds as follows. Using the time-like quantization we will 
evaluate the 3 and 4-point scattering amplitude corresponding to the associated Witten diagrams. 
In momentum space, in terms of the bi-local fields 

1 



Tj(?;fi,f2) = / dkxdk2 . ^ = (^+'^'^'"'+'='"'^«fe,fo +/J.C. ) (2.23) 



%{t;M,x2) = i fdkidhJ^^^^ (^-'(^'■■^'+^2-^"2)c^^^^ _;j.c_^ (2.24) 



the cubic (2.20) and quartic (2.21) interactions take the form 
V2 '■ ' 



W ' = —^ / dki TT^oc-r -f a 7 7 a 1- -r +C0k-,ar r a t -r (xj ^ +h.c. 

/yy 7 A 1 ' L 3 kik2 -kih -k^-k, "2 kik2 -k2ki ]^^ki 



(2.25) 
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""• - s/n* 



4 



arrarrarrar 7 +4a7 ?« 77a rrCcJ- +/j.c. 

kiki —kik^ —k^k4 —k^—ki k{k2 —kok^ ^k^k^ kdki 



hh -hh k^k^ -k^ki l<ih k^h '^i^* hki 



(2.26) 



where we have used the notation co^ifo ■■■*:; = (Oki + o>k2 H h Wjt, and h.c. means the hermitian 

conjugate of only the terms ahead of it. 

For the three-dipole scattering (1 + 2 — )• 3), the ampUtude is given by 



(Olasjn^rexp 



dtH^^\t) 



al ^ a! . 10) 

P1P2' piPi' ' ' 



(2.27) 



where T means time-ordered. Graphically, this corresponds to evaluating the Feynman diagram as 
shown in Figure 2a. The evaluation involves using the bi-local propagator symmetrized over the 
momenta 

ig-'E{tl-t2) J 



\Taprp,{h)al^.^Xf2m = j dE 



E-cOp^- (On. 2 



[8{pi - P2)5{pv - P2') 



+ 8{pi-p2')8{pv-P2)]. (2.28) 



The on-shell three-point scattering amplitude is obtained by amputating the leg poles and putting 
the external states on-shell which gives the final result (see [47] for more details) 



5(1+2^3) 



V2 



SVN 



[Ey+E2-E^)5{Ei+E2-E^) 



X [5(^1 -^3)5(^2' -P3')^(^i'+P2) +7 more terms] . 



(2.29) 



The seven more terms in the end are due to the symmetrization over (1 o 1'), (2 -H- 2'), (3 -H- 3'). 
The final result (2.29) is of the form x5{x), therefore 53 = follows. 




(a) (b) (c) 

Figure 2: The scattering of three and four collective dipoles. 

Next for the four-dipole scattering (1 +2 — )• 3 +4), the calculation is similar. The scattering 
amplitude is given by 



{0\ap^p^,ap^pT&xp 



i dt(H^^\t)+H^^\t] 



at - at . 10) 

PlPl/ P2P9'I ' 



(2.30) 



where H^'^'> is explicitly given in (2.26). Summing all the i'jfjM-channel diagrams in Figure 2b and 
the cross-shaped diagrams in Figure 2c, the final result is [47] 



5(1 +2 ^ 3 + 4) = ^(£1 +E2-E3-E4)d{Ei +E2-E, -E4) 
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X [5(^1 - P3)5{pi' + P2)5{p2' - P4')5{p3' +P4) + 15 more terms 
+5{p2-p3)Sipi+P2')5ipi'-p4')5{p3'+P4) + ^5 more terms] , (2.31) 

which implies ^4 = 0. We need to stress that the vanishing of the S'-matrix is due to some genuine 
cancellations between different Feynman diagrams which are not individually zero. 

It is clear that the direct evaluation can be continued to higher points with the conjectured 
result Sn>5 = 0. One can describe the nonlinear collective field theory in the following way: its 
nonlinearity, and higher point vertices are precisely such that they reproduce the boundary corre- 
lators through the bi-local (Witten) diagrams. The sum of these diagrams however give vanishing 
results in the on-shell evaluation as described above. S = I implies triviality. Consequently, using 
the equivalence theorem, the nonlinearities built into the 0{N) model can be transformed away 
under field redefinitions. We have in [47] described such a field transformation that leads to a 
quadratic Hamiltonian. 

2.3 One-to-one mapping in the light-cone gauge 

Our goal is to demonstrate that the collective field contains all the necessary information and is 
in a one-to-one map with the physical fields of the higher-spin theory in AdS4. For this comparison 
to be done it is advantageous to work in the light-cone gauge, where the physical degrees of freedom 
are most transparent. Our strategy is to compare directly the action of the conformal group of the 
d = 3 field theory with that of the AdS4 higher spin fields. In this direct comparison we will see 
as expected a very different set of spacetime variables and a different realization of 50(2,3). The 
number of canonical variables however will be shown to be identical and one can search for a 
(canonical) transformation to establish a one-to-one relation between the two representations. 

The conformal generators of the 0{N) model in the null-plane quantization (x^ = t) can be 
worked out as in [15] using Noether's theorem. Denoting the transverse coordinates using the index 
/ = l,2,...,(i — 2 and the conjugate momenta of {x'^ ,X2 ,x\,x'2) as 

, d , d id ; d 

dx^ 0X2 dx\ 0X2 

in the case of d = 3, the 10 conformal generators (acting on the bi-local field ^'{t;xi ,X2 ,x\,X2)) 
ai^e listed as follows 



-.' r.' 



P^=pt+P2 (2-34) 

P' = p\+P2 (2-35) 

M+" = tP -x^p\ -X2P2 (2-36) 

M+' = tP'-x\p+ -^2P2 (2-3V) 

M-' = x-p\ +x-p^2+x\^+^2^ (2-38) 

2/7+ 2p^ 

D = tP +x^pI +X2P^ +x[p\ +^2P2 + 2fi?0 (2.39) 
4pJ 4pJ 
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+X2 (x2 p^ +Ap2 + d^) (2.40) 

K+ = t^p- +t{x\p\ ^x\p\ + 2d^)- -x\x\p+ - -x^xy+ (2.41) 

+x\ {x^Pi + x\p{ + d(j,) + X2 {X2P2 + x{p{ + dii, ) (2.42) 

where J^ = ^ is the scaUng dimension of a single boson. 

Turing to the AdS side, the gauge invariant equations of motion for free higher spin theory was 
first worked out by Fronsdal [48], which takes the form [49] 

VpV/i^,...^, -.VpV^./i''^,...^, + ^.(.- l)V^,V^,/2''p^3...^^ 

+l{s-\){s + d-l)hf,^,„y,^ = (2.43) 

where V is the covariant derivative in AdS space. This can also be derived from linearization of 
Vasiliev's full nonlinear theory. The higher spin fields /j^,.. ,u, satisfy the double traceless condition 

g^,ii,g^,,liy'^'^'^-^' = (2.44) 

which becomes important when s > 4. In order to fix the light-cone gauge, it is more convenient to 
use the tangent space tensor fields defined by 

jfM-A, ^ ^A, . . .gA,/j/ii....M. (-2.45) 

where e^ = * 5^ is the frame one-form. Furthermore, one can construct the Fock space vector using 
the creation and annihilation operators a^ , a^ as 

|^)=j^^i-^«a^, ...a^jO) , a^|0)=0, (2.46) 

where the commutators are [a'*, a^] = rj^^, [a^, a^] = [a^^, a^] = 0. The light-cone gauge is fixed 
by solving the following set of constraints [50] 

(2.47) 

(2.48) 

(2.49) 

20- -«-«=)__ A I ,^j (2.50) 



a 


^|jr) = 











a' 


a'\jr) 


= s\J^) 








a' 


a'\J^) 


= 








a 


-|jr) = 


f ^' -1 


+ 


s + d- 
d+ 


1 , 



where / is the transverse coordinates including the extra AdS dimension, i.e. x^ = (x',z). In the case 
of AdS4 (where d = 3), the Poincare coordinates are denoted as (x+ = t,x^ ,x,z)- Furthermore, we 
have defined a higher spin coordinate 6 coming from the spin matrix of the xz plane (see [15] for 
details). Therefore, the AdS4 higher spin fields also live in a 5-dimensional coordinate space, i.e. 
J^{t;x^ ,x,z;d). Denoting the conjugate momenta of {x^,x,z,d) as {p^,p'',p^,p^), the SO(2,3) 
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isometry generators written in the "conformal" form are [50] 

p'lf + p'-p' 



P 
P+ 

px 



M- 



2p+ 

tP 

tp"" - xp^ 

x^p^ -xP 



X p^ 



p'^p^ 



D 



K 



tP +X p^+xp^' + zp^+da 

--{X^+Z^)P^ +X^{x^p'^+xp''+zp''+da) 

1 



+ ^{{xp'-Zp^)p' + {p'f 
p-r 

o 1 

K+ = t^P'+tixp^'+zp' + da)--' 



'X^+Z^)p+, 



K"" 



t{xP -X p" 



^)4(-^-v 



+x{x p^ +ZP^+da)+ ZP 



e 



(2.51) 

(2.52) 
(2.53) 
(2.54) 
(2.55) 

(2.56) 

(2.57) 

(2.58) 
(2.59) 

(2.60) 



where (i„ = 1 is the scaUng dimension of the creation operator a in AdS4. 

Working at the classical level where we ignore the constants (which will receive quantum cor- 
rections from normal ordering), a canonical transformation relating the bi-local generators (2.33- 
2.42) with the isometry generators (2.51-2.60) was found in [15] to be 



X-p++X2P^ 

Pt+Pt 

pt+pi 

xip'l +X2P2 

pi+pt 
P1+P2 



{xi-X2)^Jp'Ip+ 

pt+pt 




6 = 2arctan 



Pi Pi (^ I -^2) + 



X\ —X2 




(2.61) 
(2.62) 
(2.63) 
(2.64) 

(2.65) 
(2.66) 
(2.67) 
(2.68) 



This establishes at the quadratic level the bi-local representation is identical to the local AdS4 higher 
spin representation. The canonical transformation (as well as the generators) can be generalized to 
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arbitrary higher dimensions [51]. One should also note that the 1/A'^ vertices do not become local 
in AdS spacetime. Actually the light-cone gauge fixing of Vasiliev's full nonlinear theory has not 
been established yet, based on the collective map one can expect that it takes a nonlocal form. 

In summary, we have demonstrated the one-to-one map between the two descriptions: the 
null-plane bi-locals ^{x^;x^ ,X2;xi,X2) and the higher spin fields .j^{x^;x^ ,x,z:,Q) in AdS4. Both 
fields have same number of dimensions 1+2 + 2= 1 + 3 + 1, the same representation of the con- 
formal group, and the same number of degrees of freedom. Consequently the mapping that we 
establish between bi-local and higher spin fields in AdS4 is one-to-one and it involves the extra 
AdS4 coordinate z in a nontrivial way. 

As a consequence of the above map, it follows that the wave equation in the collective picture 
has a map to the wave equation of higher-spin gravity in four-dimensional AdS background. This 
follows from the agreement of the generators (2.33) and (2.51) after the canonical transformation. 
An integral transformation between the higher-spin fields and bi-local fields was found to be 

je{x-,x,z,e) = fdp+dp'dp'e'^''P^+'P'+'P''> 
/ dp\dp^dp\dp25{p\ + p^ - p'^)5{p]_+ p2- p") 



S I Pi JPj/Pi - P2\IPi/P2 - P 



d{e-2iirctiin^p+/p+)^'{pi,p+,Pi,P2) (2.69) 

where ^{p^,P2,p\,P2) is the Fourier transform of the bi-local field ^'{x^ ,X2 ,x\,X2). 

An important check regarding the identification of the "extra" AdS coordinate z can be seen by 
taking the z — )■ limit. Evaluating the bi-local field at z = gives the following "boundary" form 

jr{x-,x,0,d) = j dp+dp^e'''^P^+Pi^5{d-2tm-^ ^p[Jp\)^>{p+ ,p^;x,x) . (2.70) 

Expanding the kernel in the above transformation into Fourier series, for a fixed even spin s, one 
finds agreement with the conformal currents of a fixed spin s given by 

As a result, in the bi-local picture one has a clear definition of the boundary z = and the 
notion of boundary amplitudes (boundary 5-matrix). It is given by the relative distance between 
the bi-local coordinates. As such this formula does have some analogy with the short distance 
(renormalization group) notion [52, 53], but is much more specific. Due to the construction through 
collective field theory, one is guaranteed to reproduce the boundary correlators in full agreement 
with the 0{N) model. The bulk/bi-local theory is nonlinear with nonlinearities governed by \/N = 
Gn and the correlators are now reproduced in terms of Witten diagrams through higher «-point 
vertices as always in AdS duals. All this provides a nontrivial check of the collective picture and 
the proposal that bi-local fields provide a bulk representation of AdS4 higher spin fields. 

2.4 A symmetric gauge of higher spin theory 

In the above we have described the correspondence between the bi-local large N field theory 
and a linearized higher spin theory in one higher dimensional AdS space. The one-to-one map 

13 



Higher Spin Gravity and Exact Holography Kewang Jin 



was established through a canonical transformation involving the phase space of the collective 
dipole and the phase space of the higher spin particle in AdS. As described earlier, the bi-local 
field theory deduced from the vector model is fully known at the nonlinear level, the nonlinearity 
being governed by 1 /N as its coupling constant. On the AdS side, the remarkable construction of 
Vasiliev represents a closed set of nonlinear higher spin equations. In order to build a connection 
between these two theories (at the nonlinear level), let us consider another dramatic gauge fixing 
of Vasiliev theory (called the W = Q gauge). It is in this gauge that the higher spin fields are shown 
to have the same dimensionality as the covariant bi-local fields we introduced at the beginning of 
section 2.1 [51]. 

The full nonlinear Vasiliev theory is described in terms of three master fields: W , S and B. The 
W master field contains the higher spin degrees of freedom, while the S field is purely auxiliaiy 
(mediating the interactions) and the B field contains the matter degrees of freedom. In the case of 
AdS4, the master fields are explicitly 

W = dx^'W^{x^,\ya,ya;zp,Zp) (2.72) 

S = dz"Saix^\ya,ya;zp,Zp)+dz"Sa{x^\ya,ya;zii,z^) (2.73) 

B = B{x^\ya,ya;zii,Zp) (2.74) 

where x^ is the AdS4 spacetime, {ya,ya) = F are two-component complex spinors (conjugate to 
each other) and similarly for {za,Za) = Z. Therefore, the Vasiliev's equations are expressed in 
a 4 + 8 dimensional space where the extra eight coordinates parametrize the sequence of higher 
spin fields with an exact higher spin gauge symmetry. For a potential exact correspondence with 
the 3 + 3 dimensional covariant bi-local field theory one would like to demonstrate that through 
gauge fixing one can reduce the Vasiliev's system to a symmetrical 3 + 3 dimensional base space 
involving a single scalar field. We will now show the existence of such a gauge and present a 
reduced scalar field representation of Vasiliev's theory. The steps are in part analogous to a similar 
gauge fixing/reduction known in self-dual Yang-Mills theory. 

Following the notation of [12], the Vasiliev higher-spin equations in AdS4 ai^e given by 

d^W + W*W = (2.75) 

dzW + d,-S +[W,S],=0 (2.76) 

dzS + S*S = B* {e'^'^Kdz^ + e^'^^Kdz^) (2.77) 

d^B + W*B-B*7i{W)=0 (2.78) 

dzB + S*B-B*K{S) = (2.79) 

where K = e"' ^ " , K = e~ ^" are the Kleinian operators and the symmetry operator n changes the 
signs of all undotted spinors 

^{f{y,y,z,z,dz,dz)) =f{-y,y,-z,z,-dz,dz) . (2.80) 

This set of equations (2.75-2.79) is the minimal coupling Vasiliev theory where the RHS of (2.77) 
only involves linear terms in the B field. (In the non-minimal theory, there are cubic or higher 
order terms in B.) Here we also included an ai^bitraiy phase Oq. There are two parity-conserving 
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models for 0o = and 0o = f . which are called type A and type B models in [10] respectively. In 
particular, the type A model corresponds to A^-component bosons and the type B model is dual to 
A/^-component fermions. In general, one also has the parity-violating models (0o 7^ 0, |) which are 
conjectured to be dual to vector models coupled with Chern-Simons gauge fields [54, 55]. In the 
following (and actually all previous sections), we will concentrate on the type A model with 0o = 
and show a connection to the bosonic vector theory. 

The star product law in Vasiliev's theory is defined as 

f{Y,Z)*g{Y,Z) = f d^Ud^V €""""+""'"/{¥ + U,Z + U)g{Y + V,Z-V) , (2.81) 

where U = {ua-,Ua), V = (va,Va) are the integration variables. The Vasiliev equations (2.75-2.79) 
are exphcitly invariant under the higher-spin gauge transformations 

dW = d:,s + [W,£]^ (2.82) 

5S = dze + [S,£]^ (2.83) 

dB = B*K{e)-e*B . (2.84) 

Notice that the equation (2.75) is nothing but a flat connection condition for the W field. At least 
locally one can always solve for W and fix a gauge to set W = 0. We will denote by S' and B' 
the con^esponding master fields in this gauge. The reduced equations of motion from (2.76, 2.78) 
then state that S' and B' are independent of the spacetime coordinate x'^ . Explicitly, after the gauge 
transformation 

W{x\Y,Z) = g-\x\Y,Z)*d^g{x\Y,Z) (2.85) 

S{x\Y,Z) = g-\x\Y,Z)*dzg{x\Y,Z)+g-\x\Y,Z)*S'{Y,Z)*g{x\Y,Z) (2.86) 

B{x\Y,Z) = g-\x\Y,Z)*B'{Y,Z)*K{g{x\Y,Z)) , (2.87) 

the equations for S' and B' now take the form 

dzS' + S' * S' = B' * {Kdz^ + Kdz^) (2.88) 

dzB' + S'*B'-B'*K{S')=0 . (2.89) 

Omitting the primes, we find the equations of motion in components 

daS" + Sa*S" =B*K (2.90) 

daS" + Sa*S" =B*K (2.91) 

daSp-d^Sa + [Sa,Sp]*=0 (2.92) 

daB + Sa*B-B*7t{Sa)=0 (2.93) 

daB + Sa*B-B*K{Sa)=0 . (2.94) 

This description of Vasiliev's theory was already used by Giombi and Yin in their second evaluation 
of three-point correlators [13]. The equations in question involve a scalar field B and a vector S. 
Our goal is to gauge fix and reduce this set of equations even further and show a description in 
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terms of a single scalar field. To this end we follow some steps known from an analogous treatment 
of self-dual Yang-Mills theory. 

We note first, that the last two equations (2.93, 2.94) for the B field are not independent. Using 
the first two equations (2.90, 2.91), one can solve for the B field and check that (2.93, 2.94) are 
satisfied (Bianchi identities). Therefore, we can totally eliminate the B field and find the following 
five equations for the S field 

^a/5 = ^«^/3-^/3^« + [5a,5^]*=0, (2.95) 

(5„5" +5„ *5") */: = {daS^+Sa*S^) *K , (2.96) 

where the last equation (2.96) is simply the reality condition for the B field. 
We next introduce an ansatz 

Si=M-^*diM , S2=M^^*d2M, (2.97) 

5j=M-i*5iM, S2=M-^*d2M , (2.98) 

which solves the equations Fj2 = ^2l ~ ^ automatically. By introducing an invariant scalar field 
J = M* M^ ^ , the other two equations F^ | = F22 = take a simple form 

di{r^*diJ)=0, d2{r^*\j)=0. (2.99) 

Finally the last equation (2.96) becomes 

d2{r^ *diJ)*K + d^{r^ *d2J)*K = Q , (2.100) 

where we have used the symmetry property M{Y,Z) = M{—Y, — Z) for the bosonic case. 

To summarize, we have through gauge fixing and elimination of fields reduced the Vasiliev's 
theory to that of a single scalar field / satisfying the three equations (2.99-2.100). This field is 
hermitian in the sense that J *J= I and it matches up with the properties of the bi-local collective 
field. Out of the three equations deduced above, we interpret the first two (2.99) as constraints, 
while the third one (2.100) as the equation of motion. The constraint equations appear to reduce 
the base space of the scalar field J from 4 + 4 dimensions to 3 + 3 dimensions in agreement with 
the covariant bi-local dipole coordinate space. 

3. Higher Spin Black Hole Entropy from CFT 

Going one dimension lower, a particular aspect of the 3d higher spin gravity we are inter- 
ested in is explicit black hole solutions carrying higher spin charges. Since the higher spin gauge 
transformations mix the metric with higher spin fields, the horizon is not a gauge-invariant con- 
cept. Focusing on the topological sector (without scalar fields) where the action can be written in 
terms of pure Chern-Smions, the gauge-invariant information is encoded in the holonomies. By 
demanding the holonomies of the new black hole solutions are the same as the BTZ black hole 
solution, Gutperle and Kraus [56] were able to define a higher spin black hole carrying non-zero 
spin-3 charge. The solution was first written down in the wormhole gauge (with smooth horizon) 

16 



Higher Spin Gravity and Exact Holography Kewang Jin 



and an explicit gauge transformation [57] was exhibited to transform the wormhole gauge to the 
black hole gauge with a singularity (see also [58]). 

The holonomy conditions are also shown to be equivalent to the first law of thermodynamics 
[56], from which one can calculate the black hole entropy. In the case of 5'L(3,M) x 5L(3,M), there 
exists a compact formula^ 



S = AK^lnkcs^\ll-^+AK^2nkcs^^l - ^ (3.1) 



where kcs is the Chern-Simons level and 



Let us focus on the more general case of hs[X] higher spin black hole. Due to the non-local 
nature of the higher spin gravity, turning on the spin-3 chemical potential will lead to non-zero 
values of all the other higher spin fields. The black hole solution was found as a perturbative 
expansion of the chemical potential [59] and the partition function is therefore a series expansion^ 



logZBH(T,a^ 



4a2 400 A^- 7 a^ 1600 5^^-85^^ + 377 a^ 



12fL 3 f 4 27A2-4f8 27 (A2-4)2 fi2 



(3.3) 



where we have replaced the Chern-Simons level by the central charge c using (1.9). The factor 
(A^ — 4) in the denominator is due to a particular normalization for the spin-3 current. The gravity 
calculation is valid at large central charge c and high temperature 

a^O, f^O, ^ fixed. (3.4) 

From the dual CFT point of view, the calculation of black hole entropy amounts to calculate 
the partition function 



-CFT I, 



(f, a) = Tr (q^°- T4yWo\ ^ = ^inix ^ y ^ ^iKia ^ (35) 



where the trace is taken over the entire spectrum at high temperature. Here Wo is the zero mode of 
the spin-3 current (in the ^[A] algebra). The standard method to calculate this character at high 
temperature is to do a modular transformation, in particular, the S'-transformation 



T=-4, (3.6) 

T 

after which the leading contribution comes from the vacuum state. Unfortunately, a general com- 
pact formula for the modular transformation of (3.5) is unknown. 

The bulk partition function (3.3) is an expansion over the chemical potential a, so it should be 
compared to the CFT expansion 

ZcFT(f,«) = Tr(^^-i,) + (^Tr((Wo)2^^-6) + ^^Tr((Wo)V-^)+-- , (3-7) 



^More comments on this formula will be made in the Discussion section. 
^There is a similar right-moving part we omit here. 
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where the odd powers of Wq terms will not contribute at leading c. The modular transformation can 
be directly applied to the first term in the expansion 

Tv(q^-ii\ =£5„Tri/''-H) ^ ("^5,0) ^"^ +••• , q = e^^'' (3.8) 

where the sum runs over all primaries labelled by r,s (with 5' = the vacuum representation), Srs 
is the modular 5-matrix and the dots indicate terms exponentially suppressed at low temperature 
(after the modular transformation). The leading behaviour of the logarithm is then 

/ I c \ iKc iltc 

logT,(4'«-=>) = -^T+... = - + ..., (3.9) 

which reproduces precisely the a-independent term in (3.3). This is equivalent to the Caidy for- 
mula for the entropy. In the following we want to repeat this analysis for the other terms in the 
expansion (3.7). The main technical problem we need to understand is how traces with insertion of 
zero modes behave under the modular- 5-transformation. 

3.1 The general strategy 

In order to explain the general strategy let us introduce a little bit of notation. For each repre- 
sentation of the chiral algebra (labelled by r), we can define a torus amplitude by 

Fr{{a\zi),...M^Zn);T)=z\'---7!:i'TJv{a\zi)---V{a'\z.n)q'^-^'), (3.10) 



where hj are the conformal dimensions of the chiral fields a^ , i.e. L^a^ = hja^ with hj G N. In our 
case, the chiral fields are the higher spin currents of the 'WJ\k\ algebra. These functions (3.10) are 
periodic in each variable Zj under the transformations 

Zj^e^'^'zi, Zj^qzj, (3.11) 

and therefore deserved to be called "torus amplitude". The amplitudes have a simple transformation 
property [60] under the modular group provided that all a^ are Virasoro primaries 

F,((ai,Zi),...,(a",z„);f|±f) = (cT + J)^.'''^£M„F,((a\zf+^),...,(a",zr');T), (3-12) 

s 

where M,-, is a matrix representation of the modular group, but not dependent on aK 

We are interested in the modular transformation properties of the traces with the insertion of 
zero modes. Expanding the vertex operators in modes as 

V{a,z) = ^ a,„z-'«-'' , (3.13) 



where h is the conformal dimension of a, the zero modes are obtained from the contour integral 
-^ '^W{a^z), therefore we have 



z 



,1. ..^».Lo-j,\_ 1 /^...i^Frr^l 



Tr,(ai---aS^^°-H) = — ^^^•••^^/v((a\zi),...,(a",z„);T). (3.14) 
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Since we know the modular transformation properties of the torus amplitudes, this can now be 
used to deduce that of the traces with zero modes. Concentrating on the ^-transformation which is 
relevant to us, we obtain from (3.14) and (3.12) that 

TXrial---alq^-T.)=Y^Srs^-^^^r'^-^---r^ (3.15) 

^ ' ^ \-^Jil) J\ Z[ J\ Zn 

Here the integration contours are the result of the transformation z ^ z^ = z, which swaps the two 
cycles of the torus under the S-transformation. From now on we work on the 2-plane and drop the 
tildes. 

In the high temperature limit f — )• the dominant contribution to (3.15) will come from the 
vacuum 5 = 0. Thus our calculation is reduced to doing the multiple integrals of the torus am- 
plitudes in (3.15) with ^ = 0. In order to evaluate the torus amplitudes we can use the recursion 
relation of [60] and rewrite 



F(^{a\zi),ia^Z2),...,{a",Zny,r)=z'^'---z'::TT(a'oV{a\z2)---V{a",Zn)q'^-^'] 

+ L L ^,,+i(^^,q)F({a\z2),.-.,ia'[m]aJ,zj),...,{a",Zny,T) , (3.16) 

where we dropped the index 5 = for the torus amplitudes and the traces. The Weierstrass functions 
J^ are defined by a power series 






->^) = 7F^En-^h (3-17) 



{2ni 

which satisfy an important recursion relation 

x—^k{x,q) = —.^k+l{x,q). (3.18) 

ax 2ni 

The bracketed modes in the second line of (3. 16) take the form 

a[m] = {iKiY"'^^ 52 c{ha,i,m)a^ii^+i+i , (3.19) 

i=m 

where the coefficients c{h, i, m) are found via the expansion 

(log(l+z))^(l+z)'-i = £c(/7,m)z' . (3.20) 

i>s 

With the help of this recursion relation we can then evaluate the amplitudes in (3. 15) explicitly 
(and recursively). The recursion formula turns the amplitude into a sum of products of Weierstrass 
functions; then the contour integrals ai^e straightforward because ^(z)/z is a total derivative. This 
computation will be explained in detail for the two-point case in the following subsection (and 
more details for the higher points can be found in [61]). Fortunately, we do not need to evaluate 
the exact answer, but only the leading order contribution as c — )■ oo. 
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3.2 Two-point calculation 

The quadratic correction in the expansion (3.7) after using (3.15) is 



2.1 ' Z Jl Z{ Jl Z2 



where the symbol '«' means that we have dropped terms that do not contribute to logZ at leading 
order. Applying the recursion relation (3.16), we have 

F((W,zi),(W,Z2);t) =z^Tr{WoW{z.2)q^"-^*) + ^m+i (^^)F{{W[m]W,Z2y,T) . (3.22) 

Here, and in the following, we shall always imply a sum over the Weierstrass index m > 0. In the 
first term, only the zero mode of W{z2) survives in the trace, but Tro((Wo)^g^"^'^/^'^) is exponen- 
tially suppressed. In the second term, the vacuum contribution to the trace dominates, therefore the 
quadratic correction becomes 

Z(^) . l,-A^a^T^WHW_3) r ^ r ^^..1 M , (3.23) 

2 Jl Zi Jl Z2 \Zl/ 

where (•) is the vacuum expectation value (on the sphere). According to (3.18), integrating a 
Weierstrass function reduces its index by 1. Since only ^i is not periodic (see appendix A of [61] 
for more details), this implies the integrals 

r ^ ^2 M = {2nif , r ^ ^,„,, f ^) = („z > 1) . (3.24) 

J I Z2 \Z2j J I Z2 \Z2j 

Therefore the quadratic correction is now simplified to 

ZP) « ^q-'l^\lTiifa^T\W[\]W-i) . (3.25) 

From the definition of the bracketed mode (3.19), we have 

W[l] = (27r/)-2(^W_i + ^Wo + ^Wi-^W2 + ^W3 + •••') . (3.26) 



Since we are only interested in the vacuum expectation value, the only surviving term is then 

'30^ 



(IV[1]W_3) = (27r/)-2 1 (W3W_3)- Plugging in the commutators of ^^ [A] (see appendix D of [61]), 



the final answer is 



a^T^ 



z(^)=2;r/c^^-/2\ (3.27) 



in precise agreement with the leading correction to the gravitational partition function (3.3). 

This calculation can be extended to higher points (the four-point and six-point calculations 
were presented in [61]) showing exact agreement with the gravity result (3.3). A genuine difference 
between the two-point calculation and the higher-point computation is that the nonlinear terms of 
the Wo., [A] algebra (which are proportional to 1 /c) plays an essential role to match the gravity result. 
The gives a detailed and different check of the Woo [A] algebra as the symmetry of the boundary CFT. 
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4. Extensions and Discussion 

Returning to the entropy formula (3. 1) for SL{3) iiigher spin black holes, it can also be evalu- 
ated using the on-shell Chern-Simons action [62] and the conical singularity approach [63]. These 
methods are shown to satisfy the same integrability conditions or the first law of thermodynamics 
as in [56]; thus they give consistent results. On the other hand, by transforming the frame-like 
formulation of higher spin gravity to the metric-like formulation [64], the black hole entropy can 
also be calculated using the Wald's formula. However, the result of [64] differs from (3.1) by an 
additional factor of (1 — ^). A generalized Bekenstein-Hawking formula was further derived in 
[65] showing agreement with [64]. The two seemingly different results was clarified in [66] (from 
the bulk side) as different boundary terms added to the pure Chern-Simons action. This leads to 
different "definitions" of the energy and therefore different expressions for the entropy. It is also 
interesting and important to understand this subtle point regarding the CFT computation. 

The pure Chern-Simons theory in 3d is topological with no propagating degrees of freedom. 
The proposal of Gaberdiel and Gopakumar [18] does include the scalar fields. Therefore, one is also 
interested in studying the scalar propagation in higher spin gravity, especially on the backgrounds 
of higher spin black holes. At linearized level, the master field C containing the matter degrees of 
freedom satisfies the equation of motion 

JC+Ao*C-C*Ao = 0, (4.1) 

where (Ao,Ao) ai^e the higher spin background gauge fields. Explicit bulk-boundary propagators 
can be calculated for the hs[X] black hole [67] and the boundary two-point function of the scalars 
can be deduced by taking certain limits. They are seen to match exactly a direct CFT calculation 
[68] (again using the 'W<J(k\ algebra). This gives further evidence of the AdS3/CFT2 correspon- 
dence. 

There are many other interesting generalizations and aspects of the Higher Spin/Vector Model 
correspondence, some of which are for example: higher spin black hole solutions with spin-4 
chemical potential [69, 70]; the conical defect solutions and their mapping to the light states in 
the dual CFT [71, 72, 73]; the minimal model holography for the other cosets [74, 75, 76]; the 
supersymmetric generalization of various AdS4/CFT3 and AdS3/CFT2 dualities [77, 78, 79, 80, 81]; 
the higher spin theory in de Sitter spacetime and its duality to sp{2N) vector model [82, 83, 84]; the 
derivation of higher spin theory from certain limits of string theory [85, 86, 87, 88], etc. The reader 
can refer to some recent review papers [89, 90, 91, 92, 93, 94] for more details and references. 
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